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Topological defects can naturally be formed soon after bubble nucle-
ation in the open inflation scenario. The defects are not completely diluted
away by the subsequent period of inflation in the bubble interior and can
produce observable large-scale microwave background anisotropies. Super-
heavy strings and monopoles attached to the strings can act as gravitational
lenses with angular separation between the images of up to an arc minute.
I. INTRODUCTION
Until recently, a flat universe with Ω = 1 was regarded as a firm prediction of
inflationary models. However, the observational evidence for a flat universe is far from
being clear, and a new class of models called “open inflation” has recently become a subject
of active investigation [1–3]. In these models, the visible universe is contained within a
single bubble which nucleated in an inflating false vacuum. The observed homogeneity of
the universe is ensured by a high symmetry of the bubble, rather than by a large expansion
factor, as in the more familiar inflation models [4]. After nucleation, inflation continues
for some time in the bubble interior, and the corresponding number of e-foldings can be
adjusted to give any value of the density parameter Ω between Ω = 0 and Ω = 1.
The first models of open inflation [1,2] gave a fixed value of Ω, and obtaining a
value not too close to 0 or 1 required a substantial amount of fine-tuning. A significant
improvement was made by Linde and Mezhlumian [3] who suggested a number of models
where Ω is a continuous parameter taking different values in different bubbles. The
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probability distribution for Ω in such models was discussed in Ref. [5], where it was
argued that, with the anthropic factor properly taken into account, this distribution can
naturally be peaked at an intermediate value of Ω. Open inflation may thus require no
more fine-tuning than ‘ordinary’ inflation.
The purpose of this paper is to make a simple observation that, in models of open
inflation, topological defects are likely to be formed soon after the bubble nucleation. The
defects will not be completely diluted away by the short period of inflation in the bubble
interior, and we may still be able to observe them on very large scales comparable to the
curvature scale of the universe.
II. DEFECT FORMATION AND EVOLUTION
The models suggested by Linde and Mezhlumian involve two scalar fields, φ1 re-
sponsible for bubble nucleation and φ2 responsible for the slow-roll inflation inside the
bubble. For a specific example consider the model with a potential [3]
U(φ1, φ2) = V (φ1) + λφ
2
1
φ2
2
, (1)
where V (φ1) has a metastable minimum at φ1 = 0 and the true minimum at φ1 = η1. The
stage for open inflation is set by the inflating false vacuum at φ1 = 0. The corresponding
energy density is ρ1 = V (0), and the spacetime is nearly de Sitter with an expansion rate
H1 = (8πρ1/3m
2
p)
1/2, where mp is the Planck mass. Bubble nucleation can occur to a
wide range of values of the field φ2. The second stage of inflation takes place while φ2
rolls towards its minimum at φ2 = 0, and the resulting density parameter Ω is determined
by the initial value of φ2 at the time of bubble nucleation.
The metric in the bubble interior is well approximated by the Robertson-Walker
(RW) metric
ds2 = dt2 − a2(t)[dζ2 + sinh2 ζ(dθ2 + sin2 θdφ2)] (2)
2
with a(t) satisfying
a˙2 − 1 = (8π/3m2p)ρa
2. (3)
Here, ρ is the energy density measured by co-moving RW observers. The hypersurface
t = 0, where a = 0, is the future light cone of the bubble center at the moment of
nucleation. The coordinate system (2) has a singularity on this surface, but the four-
geometry is of course non-singular.
For a generic shape of the potential V (φ1), the initial radius of the bubble R is
comparable to the thickness of the bubble wall. At t ∼ R, when a(R) ∼ R and ρ ∼ ρ1,
the field φ1 begins to oscillate about φ1 = η1, and at later times its energy density scales
like that of non-relativistic matter. The initial bubble radius cannot exceed the horizon,
R <∼ H
−1
1 , and it is easily seen from Eq. (3) that the density term is either negligible
from the very beginning or becomes negligible in a few Hubble times after the nucleation.
Hence, the buble-universe is curvature-dominated, with a(t) ≈ t and ρ ∼ ρ1(R/t)
3.
The second period of inflation begins at t ∼ H−12 , where H2 = (8πρ2/3m
2
p)
1/2, ρ2 =
λη2
1
φ2
2i and φ2i is the initial value of φ2 at nucleation. Between the nucleation and second
inflation, the bubble-universe expands by a factor f ∼ (H2R)
−1 >∼ H1/H2 ∼ (ρ1/ρ2)
1/2.
The value of ρ2 is constrained to be smaller than ρ1, and since there is no reason for ρ2
to be ∼ ρ1, we expect that generically ρ2 ≪ ρ1 and f ≫ 1. The field φ2 evolves on a
timescale H2/m
2
2
≫ H−12 and remains essentially constant during the period between the
two inflations. Here, m2 = (2λ)
1/2η1 ≪ H2 is the mass of φ2.
Defect formation between inflations can be triggered by the same mechanisms as
defect formation during inflation which has been previously discussed in the literature
[6–9]. Let χ be the field responsible for the defects and let us first consider a model where
χ has a non-minimal coupling to the curvature R,
Lχ = |∂µχ|
2 +M2|χ|2 − κR|χ|2 − λχ|χ|
4. (4)
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We shall assume for definiteness that χ is a complex scalar field. The effective mass
squared of χ is
m2χ = −M
2 + κR. (5)
From Einstein’s equations R = 8πρ/m2p, and thus m
2
χ changes sign at ρc = M
2m2p/8πκ.
This triggers a symmetry-breaking phase transition resulting in the formation of cosmic
strings with mass per unit length µ ∼ M2/λχ. The phase transition occurs between
inflations provided that ρ1 > ρc > ρ2 and M > H2. These conditions require no fine
tuning and can be naturally satisfied in a variety of models.
An alternative scenario is that the φ2 particles are unstable with a lifetime τ2 < H
−1
2 .
Their decay products (call them σ) may then trigger the phase transition by a direct
interaction with χ, e.g., Lχσ = −λχσσ
2|χ|2. If the decay products of φ2 have enough
time to thermalize, then the corresponding phase transition is the ‘usual’, thermal phase
transition.
Finally, there is one more mechanism which is specific to open inflation. Suppose
now that χ is coupled to the tunneling field φ1,
Lχ = |∂µχ|
2 −M2|χ|2 + λ1φ
2
1
|χ|2 − λχ|χ|
4. (6)
In the false vacuum, φ1 = 0 and χ = 0, while in the true vacuum χ has a non-zero
expectation value. Now, there are two possibilities. If a bubble nucleates with a non-zero
value of χ, then this value will tend to be homogeneous throughout the bubble-universe,
and no defects will be formed. Alternatively, χ = 0 at nucleation and defect formation
does occur. The initial value of χ is determined by the instanton solution of the Euclidean
field equations [10]. The four-geometry of this solution is compact, with a characteristic
size ∼ H−11 . If this size is smaller than the length scales characterizing the field χ, M
−1
and λ
−1/2
1 η
−1
1 , then χ = 0 on the instanton. For H1 > M > H2, the field χ initially
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remains near zero, and starts evolving at t ∼ M−1. This can be regarded as the time of
string formation.
If strings are formed at ti ∼ M
−1, then the initial string separation is ξi ∼ M
−1,
which corresponds to a co-moving scale ζ ∼ 1 in the metric (2). In the course of the follow-
ing evolution, ξ is bounded from above by the horizon, t, and from below by [a(t)/a(ti)]ξi.
Since both of these bounds are ∼ t, we have ξ ∼ t all the way until the beginning of the
second inflation, t <∼ H
−1
2 . To be more precise, the horizon in metric (2) with a(t) ∝ t
grows like t ln t and Spergel [11] has argued that the characteristic scale of defects will
grow like
ξ ∝ t(ln t)1/2. (7)
In most of the following discussion I disregard these logarithmic factors.
During inflation, the strings are “frozen”, that is, they are conformally stretched
with their co-moving scale remaining at ζ ∼ 1. They start moving again at t∗ ∼ Ω/H0
(or redshift (1 + z∗) ∼ Ω
−1), when the curvature scale ζ ∼ 1 comes within the horizon.
Here, H0 is the value of the Hubble parameter, H = a˙/a, at the present time. At t > t∗
the strings will evolve in a scaling regime with ξ(t) ∼ t, and thus the co-moving scale of
strings will remain comparable to the curvature scale. The growth of density fluctuations
in an open universe ceases at t > t∗, and since the strings do not generate fluctuations at
t < t∗, they clearly could not be responsible for structure formation. Yet, the mass scale
of the strings can be quite high and they can produce some observable effects.
In models where the phase transition is triggered by the curvature or by the decay
products of φ1, it is possible to have ξi ≪ ti. The strings will then evolve towards a
scaling regime with ξ(t) ∼ t, and for ti ≪ H
−1
2 we may still have ξ ∼ t by the beginning
of second inflation. However, the timescale on which the string scale grows up to t is
very model-dependent. For example, strings may be overdamped due to their interaction
with the decay products of φ1. In this case their evolution will be rather slow, and the
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co-moving scale of strings during inflation may be ζ ≪ 1. It is conceivable that this scale
can be small enough for strings to play a role in structure formation.
Suppose now that the defects formed between inflations are magnetic monopoles.
The typical co-moving separation of the monopoles is then ζ ∼ 1, and the resulting
monopole density is totally negligible. However, the situation is drastically changed if the
monopoles get connected by strings at a subsequent phase transition.
Strings can either be formed during inflation or in the postinflationary epoch. The
characteristic length scale of string at formation is then much smaller than the monopole
separation; the strings connecting monopoles have Brownian shapes, and there is a large
number of closed loops. The evolution of strings after inflation is initially identical to
that of topologically stable strings, without monopoles [9]. In the course of the evolution,
the characteristic length of strings grows like t and becomes comparable to the monopole
separation at t ∼ t∗, so that we are left with monopole-antimonopole pairs connected
by more or less straight strings of length ℓ ∼ t∗. At t > t∗, the pairs oscillate and
gradually lose their energy by gravitational or gauge boson radiation. The corresponding
lifetimes are, respectively [12,13], τgr ∼ t∗/ΓgrGµ and τb ∼ µt∗/αm
2. Here, Γgr ∼ 10
3 is
a numerical coefficient, α ∼ 10−2 is the gauge coupling constant, and m is the monopole
mass. Since the symmetry breaking scale of the monopoles is greater than that of the
strings, we should have m2 >∼ µ, and it is easily seen that both lifetimes τgr and τb are
much greater than the present age of the universe (provided that Ω >∼ 0.1). Note that if
monopoles and strings are formed after inflation, then the lifetime of the pairs is typically
very short, and they decay well before the end of the radiation era.
III. OBSERVATIONAL EFFECTS
Let us first consider possible effects of ‘plain’ cosmic strings, without monopoles.
Strings can produce double images of high-redshift galaxies and quasars [14]. The metric
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of a straight string in an open universe is given [16] by the same Eq.(2), but with a
modified range for the angular variable φ, 0 < φ < 2π−∆, where ∆ = 8πGµ is the deficit
angle and µ is the mass per unit length of string. Let ζO and ζG be, respectively, the
coordinate distances from the string to the observer and to the galaxy, and let θ be the
angle between the string and the line of sight. Then it is easily shown that the angular
separation between the images is
δ = 8πGµ
sinh ζG
sinh(ζG + ζO)
sin θ. (8)
Here, I have assumed for simplicity that the string is static and that Gµ ≪ 1. For
ζG, ζO ≪ 1, Eq. (8) reduces to the expression for the angular separation in a spatially flat
universe [14].
Moving strings induce discontinuous jumps in the microwave background tempera-
ture [17,15],
δT/T ∼ 8πβGµv, (9)
where v is the string velocity with respect to local co-moving observers and β ∼ 0.5
is a trigonometric factor. At t > t∗, the universe becomes curvature-dominated and
expands like a(t) ∝ t. This regime is “on the verge” of inflation, in the sense that
an expansion law a(t) ∝ tα with α > 1 corresponds to a power-law inflation. Since
the strings are frozen during inflation, one can expect [18] their typical velocity in a
curvature-dominated universe to be well below that in a radiation or matter-dominated
universe (vr ∼ vm ∼ 0.6).
The pattern of the microwave temperature fluctuations on the sky is a superposition
of the contributions of strings from different redshifts between z∗ ∼ Ω
−1 and the present.
The highest density of strings corresponds to the largest redshifts near z∗, and the typical
angular separation of discontinuities on the sky is θmin ∼ Ω. We expect temperature
fluctuations of magnitude (9) on scales θmin <∼ θ
<
∼1. To avoid conflict with observations,
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we should require δT/T
<
∼10−5. With v ∼ 0.2 this gives a bound Gµ <∼ 10
−5. According
to Eq. (8), a string with Gµ ∼ 10−5 can give double images with angular separations of
up to an arc minute.
Gravitational waves produced by the strings in this scenario will have too low fre-
quencies to be detected by the existing methods, and thus the usual bounds on Gµ from
the millisecond pulsar observations and from nucleosynthesis considerations do not apply.
Note that if the logarithmic factor in Eq. (7) is indeed present, then the co-moving
scale of strings at t < t∗ can be somewhat larger than the curvature scale. This will have
the effect of moving t∗ closer to the present time and increasing the angle θmin. In extreme
cases, the typical string separation can even be greater than the present horizon.
Let us now turn to monopoles connected by strings. Monopoles are pulled by the
strings with a force µ and accelerate to ultrarelativistic speeds. The typical energy of a
monopole at time t < t∗ is E ∼ µt, and at t > t∗ is E ∼ µt∗. The latter corresponds to a
mass
µt∗ ∼ 10
16
(
Gµ
10−6
)
ΩM⊙. (10)
For grand-unification-scale strings with Gµ ∼ 10−6, this is comparable to the mass of a
supercluster!
The microwave anisotropy produced by a moving point mass in Minkowski space
has been calculated by Stebbins [19],
δT
T
= −
4GEv⊥
rθ
cosα. (11)
Here, r is the distance from the observer to the point mass, E = M(1 − v2)−1/2 is the
total energy of the mass, v is its velocity, v⊥ is the velocity projected on the sky, θ is the
angular distance between the mass (M) and the point of observation (P ), and α is the
angle between the line MP and the projected velocity. It is assumed that θ ≪ 1. To
extend this equation to the case of an expanding universe, we note that rθ = ℓ⊥ is the
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closest-approach distance between the microwave photon and the mass. In a low-density
universe, and for a mass at a redshift in the range 1 <∼ z <∼ z∗, this relation is replaced by
[20] θ = H0ℓ⊥F (z), where F (z) ≈ 2. Hence, we can write
δT/T = 8GH0Ev⊥θ
−1 cosα. (12)
With E ∼ µt∗ and v⊥ ∼ 1, this gives
δT/T ∼ 4GµΩθ−1. (13)
The density of monopoles with z <∼ z∗ on the sky is dominated by the monopoles at z ∼ z∗,
so the typical angular separation between monopoles is θ ∼ Ω. Monopoles at z > z∗
have smaller energies, and the corresponding microwave anisotropies are proportionally
weaker. For Gµ ∼ 10−6 and Ω >∼ 0.1, the anisotropies produced by moving monopoles
have a detectable magnitude δT/T >∼ 10
−5 up to the angular distance of a few degrees.
Ultrarelativistic monopoles can also act as gravitational lenses. If the monopole and
the galaxy which is being lensed are both at z ∼ 1, then the typical light deflection angle
is θ ∼ GE/ℓ⊥. Since ℓ⊥ ∼ θH
−1
0 and E ∼ µt∗, we obtain an estimate for the typical
angular separation between the images,
δφ ∼ (GµΩ)1/2. (14)
For Gµ ∼ 10−6 this separation is about an arc minute.
Global monopoles and textures produced between inflations will generate microwave
background anisotropies, and global monopoles can also act as gravitational lenses. The
evolution of global defects in an open universe and their effect on the microwave back-
ground have been studied by Pen and Spergel [18]. A bound on the symmetry breaking
scale of defects can probably be extracted from their results, but I was unable to do so.
Finally, I would like to emphasize that, apart from defect formation between infla-
tions, some topological defects can be formed during or after inflation. The characteristic
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length scale of such defects is much smaller than the curvature scale, and they may be
suitable as seeds for structure formation. Defect-seeded structure formation in an open
universe has been discussed in Refs. [18,22].
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